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following conditions hold for the group $(\mathbb{R},+)$? In this
problem the condition is that $|x-y| \le 1$ holds for all $x,y$. So the
condition is that we have an interval (where we just translate the
interval and let it shrink to zero) where the subgroup is still a
subgroup of $\mathbb{R}$. I wanted to see if the construction is
right, and if so, to see a proof of it. Let's start with the smallest
subgroup where we have $x-y \le 1$. This is the group with 0 as
the identity element and the operations $(x+y) \pm 2 =x+y$. It is
easy to see that this is indeed a subgroup. For example $3-(-2)
=5$, so $-3-1 \in G$. For larger subgroups we have the following
problem: Given $n \in \mathbb{N}_0$, we let $H_n$ be the group
with 0 as the identity element and the operation $(x+y) \pm 2^n =
x+y \pm (1+1+...+1)^n$. Is this a subgroup of $\mathbb{R}$? I
think it is, but I cannot prove it. A: Let $A_n$ be the subgroup
whose elements are of the form $$\sum_{i=0}^n a_i 2^i,$$ for
$a_i \in \{0,1\}$; that is, the elements of $A_n$ are binary strings
of length $n$ which are either $0$ or $1$ at each bit position.
Then it is easy to see that $A_{n+1}$ is a subgroup of $A_n$,
since if $a_i\in\{0,1\}$ and $a_{i+1} = 1$, then
$$\sum_{i=0}^{n+1} a_i 2^i = \sum_{i=0}^n a_i 2^i +
2^{n+1} = \sum_{i=0}^n a_i f988f36e3a
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